An adaptive nonlinear synchronization control approach is developed for multiple spacecraft formation flying with elliptical reference orbits. It can guarantee that both the tracking errors and the synchronization errors of the relative positions converge to zero globally, even in the presence of uncertain parameters. The generalized synchronization concept allows to design various synchronization errors so that different synchronization performance can be obtained. Simulation results of a leader-follower spacecraft pair and the maneuvering of multiple spacecraft in formation flying are presented to verify the effectiveness of the proposed control technique.
Introduction
NASA and the U.S. Air force have identified Multiple Spacecraft Formation Flying (MSFF) as an enabling technology for future missions, which has led to a number of studies on MSFF, such as dynamics, control, and navigation. For control aspect, a lot of controllers have been designed and applied to MSFF, for example LQR [1] , decentralized control [2] , intelligent control [3] , adaptive control [4, 5] , coordination and synchronization control [6, 7] .
In this paper, we apply the cross-coupling concept [8, 9] to the MSFF and propose an adaptive synchronization control strategy for MSFF. This controller can guarantee the convergences of both the relative position tracking errors and the position tracking synchronization errors, i.e. the relative position tracking errors converge to 0 at the same rate. This approach can be used in the case where maneuvers of multiple spacecraft in formation are needed to accelerate the maneuver process and reduce the response time. This control approach can also be applied to the synchronous attitude rotation of multiple spacecraft about single/multiple given axes, which is useful in the continuous observation of a planetary surface using cameras attached to a number of spacecraft [7] .
Modeling of Spacecraft Formation Flying
The dynamics of spacecraft formation flying has been studied by many researchers. For the leader spacecraft runs in an elliptical orbit, the relative motion between the leader and the follower spacecraft is governed by the following nonlinear equation [4, 5] 3 Adaptive Synchronization Controller
The implementation of formation flying depends on accurate relative position control. In this paper, we first consider a leader-follower formation configuration to develop the controller. Then, we apply the controller to the case of multiple spacecraft formation flying.
T as the desired relative position trajectory and assuming its first two time derivatives are bounded, the position tracking error e(t) ∈ R 3 becomes
Generalized Synchronization Error
Synchronization error is used to identify the performance of the synchronization controller, i.e. how one trajectory converges with respect to each other. There are various ways to choose the synchronization error. In this paper, we propose the following synchronization error Ξ(t), which is a linear combination of position tracking error e(t)
where
n×n is a generalized synchronization transformation matrix.
By choosing different matrix T, we can form different synchronization errors. In our investigation, we choose the following synchronization transformation matrix
From Eqs. (6, 7) we know that, if e(t) → 0 and Ξ(t) → 0 can be realized at the same time, e i (t) (i = 1, 2, 3) will go to zero at the same rate. Therefore the control objective becomes to achieve e(t) → 0 and Ξ(t) → 0 as t → ∞ in the presence of unknown parameters.
Controller Development
For controller design, a coupled position error e * (t) [e * 1 e * 2 · · · e * n ] T ∈ R n , which contains both the position tracking error e(t) and the synchronization error Ξ(t), is further introduced [9] e * (t) = e(t) + BT
where B diag[β β · · · β] is a positive coupling gain matrix, the corresponding coupled velocity error isė * (t) = e(t) + BT T Ξ(t), and the detailed coupled position error is
It can be seen from Eq. (9) that the synchronization error ε i (t) appears in e * i (t) as 2ε i (t) and −ε i (t) in e * i+1 (t) and e * i+1 (t). In this way, the coupled position errors are driven in opposite directions by ε i (t), which contributes to the elimination of the synchronization error ε i (t).
The coupled filtered tracking error, r(t) ∈ R n , is defined as [4, 9] r(t) =ė
with the constant, diagonal, positive-definite, control gain matrix Λ ∈ R n×n .
Then the controller is designed to contain an adaptation on-line estimation law for unknown parameter Θ and feedback terms
where K ∈ R n×n , K s ∈ R n×n are two constant, diagonal, positive-definite control gain matrices, and the estimated parameter Θ(t) is subject to the following adaptation laẇ
with the constant, diagonal, positive-definite, adaptation gain matrix Γ ∈ R 4×4 .
Therefore, the closed-loop dynamics for the parameter estimation error vector
Moreover, the dummy variable p in Eq. (3) has the following expression Proof. Define the following positive definite Lyapunov function
and its derivative with respect to time t iṡ
After some mathematical manipulations, we can geṫ
Following the standard process as that in [10] , all signals in the adaptive synchronization controller and system can be proved to be bounded during the closed-loop operation. Table 1 . It can be seen from the results that although the position tracking error vector e(t) → 0 can be achieved by using the adaptive controller without synchronization strategy, the differences between the position tracking errors of all axes are large, i.e. the synchronization errors are large. However, with the proposed adaptive synchronization controller, the synchronization performance can be observably improved. Take X-axis as an example, the 2-norms of the position tracking error and the synchronization error are 341.5 m and 1442.8 m, respectively, without synchronization strategy.
With synchronization strategy, the corresponding 2-norms have become 940.8 m and 150.7 m. The synchronization error has been remarkably reduced. Moreover, Table 1 shows the control efforts needed for performing these control strategies. The results show that more fuel consumption is needed for using synchronization controller. For example, to maneuver and maintain the X-axis relative position in 30 hours with the adaptive controller, a fuel consumption of 382.1 N·s is needed. However, 742.6 N·s is necessary for using the synchronization strategy.
Multiple Spacecraft in Formation
In this section, we assume four spacecraft are requested to maneuver from their initial relative positions R i0 (i = 1, 2, 3, 4) to the final positions R if along the following trajectory and to form a circular formation
where C 1 = −0.01, C 2 = −0.02, C 3 = −0.03, C 4 = −0.04.
For this case, we can apply the synchronization strategy in two ways: internal and external. The internal synchronization error, Ξ(t), is the synchronization error between different axes of one spacecraft. This is the same as that in the leader-follower configuration. The external synchronization error E(t), however, denotes the synchronization error between a given axis of all spacecraft. Therefore, the total coupled position error becomes (20) where m denotes the spacecraft number, n is the number of axes of one spacecraft, e = [e
is the external synchronization transformation matrix with T αi ∈ R m×m , and another transformation matrix T E is Figure 3 gives the simulation results using internal synchronization strategy only. Figure 4 gives the results with both internal and external synchronization strategies. Table 2 shows the parameters and control gains for MSFF simulation. Other gains are kept the same as those in the leader-follower configuration. It can be seen from these simulation results that the synchronization errors of these four spacecraft about any given axis, X, Y and Z, have been remarkably reduced by applying the external synchronization strategy.
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